Abstract. In this paper we present an accurate stabilized FIC-FEM formulation for the 1D advection-diffusion-reaction equation in the exponential and propagation regimes using two stabilization parameters. Both the steady-state and transient solutions are considered. The stabilized formulation is based on the standard Galerkin FEM solution of the governing differential equations derived via the Finite Increment Calculus (FIC) method. The steady-state problem is considered first. The optimal value of the two stabilization parameters ensuring an exact (nodal) FEM solution using uniform meshes of linear 2-noded elements is obtained. In the absence of the absorption term the formulation simplifies to the standard one-parameter Petrov-Galerkin method for the advection-diffusion problem. For the diffusion-reaction case one stabilization parameter is just needed and the diffusion-type stabilization term is identical to that obtained by Felippa and Oñate [16] using a variational FIC approach. A procedure for computing the stabilization parameters for the transient problem is proposed. The accuracy of the new FIC-FEM formulation is demonstrated in the solution of steady-state and transient 1D advection-diffusion-radiation problems for a the range of physical parameters and boundary conditions. Finally we outline the procedure to extend the 1D FIC-FEM formulation to multidimensions.
INTRODUCTION
Considerable effort has been spent in recent years for deriving finite element methods (FEM) for the solution of the advection-diffusion-reaction equation. The physical behaviour of this equation is varied in terms of the values of the diffusion coefficient. In the propagation regime, originated by large values of the productive term versus the diffusion one (the Helmholtz equation), solutions are exponentially modulated sinusoidal functions. Typical problems found here in the numerical solution are those of phase, amplitude and pollution errors. In the exponential regime, solutions are of the form of real exponential functions where absorptive (dissipative) or productive source terms are possible. Numerical schemes here find difficulties to approximate the sharp gradients appearing in the neighborhood of boundary and internal layers in two (2D) and three (3D) dimensions due to high Peclet and/or Damköhler numbers.
It is well known that the numerical solution of this problem by the Bubnov-Galerkin FEM is prone to exhibit global, Gibbs and dispersive oscillations. The solution of the stationary problem by the above method exhibits spurious global oscillations for the convection-dominated case. The local Gibbs oscillations are exhibited along the characteristic layers for the 2D/3D convectiondominated case. For the reaction-dominated cases Gibbs oscillations may be found near the Dirichlet boundaries and in the regions where the distributed source term is nonregular. The solution of the transient problem may exhibit dispersive oscillations when the initial solution and/or the distributed source term are nonregular.
In the context of variational formulations and weighted residual methods, control over the global instability has been achieved via the streamline-upwind Petrov-Galerkin (SUPG) [6, 27] , Taylor-Galerkin [13] , characteristic Galerkin [15, 37] , Galerkin least squares (GLS) [29] , bubble functions [1, 3, 4] , variational multiscale (VMS) [30] , characteristic-based split (CBS) [67] and finite increment calculus (also known as finite calculus) (FIC) based methods [42, 44, 45, 53, 54, 57] . A thorough comparison of some of these methods can be found in [9] . Oñate and Manzan [44, 45] showed that many of the above stabilized methods can be recovered using the FIC equations via an appropriate definition of the stabilization parameters. Nevertheless nonregular solutions continue to exhibit the Gibbs and dispersive oscillations.
Several shock-capturing nonlinear Petrov-Galerkin methods were proposed to control the Gibbs oscillations observed across characteristic internal/boundary layers for the convection-diffusion problem [8, 11, 16, 22, 34, 35, 38, 53] . A thorough review, comparison and state of the art of these and several other shock-capturing methods for the convection-diffusion equations was done in [33] . Reactive terms were not considered in the design of these methods and hence they fail to control the localized oscillations in the presence of these terms. Exceptions to this are the consistent approximate upwind (CAU) method [22] , the methods presented in [7] and those that take the CAU method as the starting point [16] . Nevertheless, the expressions for the stabilization parameters therein were never optimized for reactive instability and often the solutions are over-diffusive in these cases.
In the quest to gain reactive stability several methods were built upon the existing frameworks of methods that control global oscillations. Following the framework of the SUPG method linear Petrov-Galerkin methods were proposed for the convection-diffusion-reaction problem, viz. the DRD [65] and (SU+C)PG [31] methods. Based on the GLS method, linear stabilized methods were proposed, viz. the GGLS method [18] for the diffusion-reaction problem and the GLSGLS method [23] for the convection-diffusion-production problem. Within the framework of stabilization via bubbles the USFEM method [19] for the diffusion-reaction problem, the improved USFEM method [20] and the link cutting bubbles procedure [5] for the convection-diffusion-reaction problem were proposed. Based on the VMS method linear stabilized methods were proposed for the convectiondiffusion-reaction problem, viz. the ASGS method [10] , the methods presented in [24, 25] and the SGS-GSGS method [26] . Using the FIC equations a nonlinear method based on a single stabilization parameter was proposed for the convection-diffusion-absorption problem in 1D [54] and higher dimensions [57] . Nodally exact Ritz discretizations of the 1D diffusion-reaction equation by variational FIC and modified equation methods using a single stabilization parameter were presented in [17] .
In [39] we presented the design of a FIC-based nonlinear high-resolution Petrov-Galerkin (HRPG) method for the 1D convection-diffusion-reaction problem. The method is capable of reproducing high-resolution numerical solutions for both the stationary (efficient control of global and Gibbs oscillations and transient regimes (efficient control of dispersive oscillations. In [40] we presented the statement of the problem and the HRPG method in higher-dimensions.
Generally the homogeneous steady convection-diffusion-reaction problem in 1D has two fundamental solutions. Likewise, the characteristic equation associated with linear stabilized methods which result in compact stencils are quadratic and hence have two solutions. Thus in principle using two stabilization parameters (independent of the boundary conditions) linear stabilized methods which result in compact stencils can be designed to be nodally exact in 1D. Following this line several "two-parameter methods" were designed to be nodally exact for the stationary problem in 1D [5, 23, 26] .
Control over the dispersive oscillations for the transient convection-diffusion problem via linear Petrov-Galerkin methods were discussed in [32] and using space-time finite elements in [66] . As for the linear methods, optimizing the expressions of the stabilization parameters to attain monotonicity will lead to solutions that are at most first-order accurate.
In this paper we present an accurate FIC-FEM formulation for the 1D advection-diffusionreaction equation in the exponential and propagation regimes using two stabilization parameters.
Both the steady-state and transient solution are considered. The numerical procedure can be considered as an alternative to the two-parameter stabilized methods proposed in previous works. Some of the advantages of the formulation here proposed are its simplicity and that it can be naturally extended to multidimensional problems.
The stabilized formulation we present is based on the standard Galerkin FEM solution of the modified governing differential equations derived via the FIC method [42, 44, 45, 47, 49, 50] .
The steady-state problem is considered first. The Galerkin FIC-FEM formulation introduces a residual-based term into the discretized equations in space which is governed by two stabilization parameters. The optimal value of these parameters ensuring an exact (nodal) FEM solution using uniform meshes of linear 2-noded elements is obtained. In the absence of the absorption term the formulation simplifies to the standard one-parameter Petrov-Galerkin approach for the advectiondiffusion problem. For the diffusion-reaction case one stabilization parameter is just needed and the diffusion-type stabilization term is identical to that obtained by Felippa and Oñate [17] using a variational FIC approach. A procedure for computing the stabilization parameters for the transient problem is proposed. The merit of the new FIC-FEM formulation is that it yields stabilized and accurate numerical solutions for the steady-state and transient 1D advection-diffusion-radiation equation for all the range of physical parameters and boundary conditions.
The lay-out of the paper is the following. In the next section we formulate the FIC form of the equations governing steady-state 1D convection-diffusion-reaction problem. The finite element discretization using the linear 2-noded element is presented. Then the optimal stabilization parameters yielding nodally exact solutions for the sourceless case using a regular mesh of linear elements are obtained. The expression of the optimal stabilization parameters for a constant and a linear source function is presented. The accuracy of the new FIC-FEM formulation for steadystate problems is verified in the solution of a number of 1D advection-diffusion-reaction problems in the exponential and propagation regimes using uniform and irregular meshes of 2-noded elements. Exact nodal solutions are obtained in all cases when regular meshes are used, as expected. The accuracy obtained for non-regular meshes is also remarkable.
In the last part of the paper the FIC-FEM formulation is extended to transient 1D advectiondiffusion-reaction problems. The key ingredients of the stabilized transient formulation are given and some examples of its accuracy are presented.
THE STEADY STATE PROBLEM

Governing equations
The governing equations for the steady-state convection-diffusion-reaction problem in a 1D domain of length l are Transport balance
with
The index s in r s distinguishes the governing differential equation over the domain Ω for the steady-state case from the transient one studied in Section 8.
Boundary conditions
In Eqs. (1)- (3) φ is the transported variable (for instance, the temperature in a heat transfer problem), u is the velocity, ρ, c and k are the density, the specific flux parameter and the conductivity of the material, respectively, s is the reaction parameter (s > 0 is the absorption or dissipation parameter and s < 0 is the production parameter). In the following, and unless otherwise specified, we will assume that the problem parameters (u, ρ, c, k, s) are constant over the analysis domain.
In Eqs. (2) and (3) φ p and q p are the prescribed values of the transported variable and the outgoing flux at the Dirichlet and Neumann boundaries Γ φ and Γ q , respectively, with Γ φ ∪ Γ q = Γ, Γ being the total boundary of the domain and n defines the sign of the normal direction at the boundary edges. For simplicity, we will assume in this work Γ φ and Γ q to be placed at x = 0 and x = l, respectively. Hence, n = +1 at x = l.
Eqs. (1)- (3) solve the following particular problems:
The different equations can be found in many practical applications such as fluid and heat transport, acoustics, chemical reactions, bio-medical and bio-engineering problems and finances, among others.
The exact solution of Eqs. (1)- (3) for the sourceless case (Q = 0) can be written as (Appendix A) φ = Ae
where A and B are coefficients that depend of the boundary conditions, λ and γ are non dimensional parameters defined below and d is an arbitrary distance. In the following we will take distance d equal to the element length l e in a uniform mesh of linear 2-noded elements. Hence, we can define λ as
where
are, respectively, the element Peclet number and a non-dimensional parameter that expresses the relative value of the reaction and diffusion effects. The exponential and (exponentially modulated) propagating regimes are determined by
For the advection-reaction case, k = 0 and then only the upstream boundary condition is necessary. If u > 0, the exact steady-state solution is
Finite Increment Calculus (FIC) expressions
The governing equations (1)-(3a) are modified following the FIC approach in space [42, 44, 45, 53, 54, 57] as Transport balance
Boundary conditions
where h is a characteristic distance that can have a positive or negative value and r s and r Γ are defined in Eqs.(1b) and (3b), respectively. Eqs. (8) and (10) are obtained by expressing the balance of fluxes in an arbitrary segment of finite length h (termed the characteristic length) within the problem domain and at the Neumann boundary, respectively. The variations of the transported variable within the balance segment are approximated by Taylor series expansions retaining one order higher terms than in the infinitesimal theory [42] . The underlined terms in Eqs. (8) and (10) emanate from these series expansions and they are essential to derive stabilized numerical schemes.
Note that r s = 0 and r Γ = 0 in the FIC balance equations (8) and (10) . However, as the characteristic length h tends to zero the FIC differential equations gradually recover the standard infinitesimal form, giving in the limit (for h = 0) r s = 0 in Ω and r Γ = 0 on Γ q .
Similarly as in all stabilized methods, the stability and accuracy of the numerical solution depends on the values of the stabilization parameter, i.e. of the characteristic length h. At the discrete level h can be interpreted as a distance related to the (macroscopic) domain within which the space derivatives are computed. At the discretization level it is usual to express h as a proportion of a typical grid dimension (i.e. the element length for 1D FEM problems) [42] .
The FIC governing equations lead to stabilized numerical schemes using whatever numerical method. It is interesting that many of the stabilized FEM can be recovered using the FIC formulation. The FIC-FEM method has been successfully applied to the finite element solution problems of convection-diffusion [42, 44, 45, 53] , diffusion-absorption and Helmholtz [17] , advectiondiffusion-absorption [54, 57] , incompressible fluid flow [55, 56, 58, 60, 62] , fluid-structure-interaction [47, 51, 59] , particulate flows and standard and incompressible solid mechanics [49, 52, 61] . Applications of the FIC stabilization approach to meshless problems solved using the finite point method are reported in [46, 48] .
Eqs. (8) and (10) hold for any definition of the characteristic distance h. Let us now choose two specific forms of h, as
where the prime superindex denotes the space derivative, and α u and α g are stabilization parameters. In this work we will frequently refer to α u and α g as the streamline (or SUPG) and isotropic diffusion parameters, respectively. Indeed, this distinction is more meaningful in multidimensional problems [55] .
The choice of h u and h g in Eqs. (11) and (12) leads to a simple form of the stabilization terms, as it will be shown later. The characteristic length vector h is defined as the sum of h u and h g , i.e.
Substituting Eqs. (11) and (12) into (13) and this into (8) gives the FIC governing equations as
WEIGHTED RESIDUAL FORM
The weighted residual form is written using the definition of r Γ of Eq.(3b) and n = 1 at
where W are appropriate space weighting functions such that W = 0 on Γ φ (i.e. at x = 0).
Integrating by parts the term involving h in the first integral leads to
Note that the boundary term involving r s has vanished in Eq.(16) due to the integration by parts. Also in the derivation of Eq. (16) we have neglected the space derivative of h.
Substituting the expression of r s of Eq.(1b) into (16) and integrating by parts the convective and diffusive terms in the first integral leads to
Let us substitute the expression of h of Eq.(13) into the second integral of Eq. (17) . Using the expression of r s of Eq.(1b) and the definition of Eqs. (11) and (12) , Eq.(17) can be written, after grouping terms, as
In Eq.(19c) k u and k g are (positive) stabilization diffusion parameters given by
Eq.(19c) can be rewritten ask
being the generalized stabilization parameter, computed from the contribution of the streamline and isotropic diffusion parameters α u and α g . The term θk in Eq. (21) is the so-called artificial (or stabilizing) diffusion that is introduced using different arguments in many stabilized FEM [6, 14, 27, 28, 69] .
Remark 1. The velocityū in Eq.(19b) can be rewritten as
ρcu is the Damköhler number. The pseudo-Peclet number is defined as
The challenge now is to find the values of the two stabilization parameters α u and α g (or those of the related parameters θ andγ) that lead to a stable and accurate numerical solution. In this work, we will find an optimal expression of these parameters that yields exact nodal solutions for uniform meshes of linear 2-noded elements. The optimal stabilization parameters also give accurate results for irregular meshes, as shown in the examples presented in the paper.
FINITE ELEMENT DISCRETIZATION
The transported variable φ is interpolated in terms of nodal values in a mesh of C 0 continuous elements in the standard manner [68] . For each element with n nodes, the finite element interpolation is written as
where N i (x) is the space shape function of node i and φ i is the nodal value of the approximate functionφ at the ith node. Substituting the approximation (25) into the stabilized weak form (17) and choosing a Galerkin weighting (W i = N i ) [68] leads to the following system of discretized equations
T lists the values of the approximated transported variable at the N nodes in the mesh, K is the diffusion matrix, C is the convection matrix, S is the radiation matrix and f is the nodal external flux vector. These matrices and vector f are assembled from the element contributions given by
Note that the second term in the expression of K e ij in Eq.(27a) vanishes for linear 2-noded elements.
The prescribed outgoing flux (q p ) is directly added (with a negative sign) to the component of vector f for the node laying on the Neumann boundary, as usual.
Element matrices for the linear 2-noded element
The element matrices in Eq.(26) take the following form for the linear 2-noded element
The form of vector f e for 2-noded elements depends on the particular expression of the source term. For a constant source Q(x) = Q 0 ,
Remark 2. A constant value of α u over the mesh leads to the vanishing of the stabilization term in the assembled external flux vector f of Eq.(28b) for the interior nodes in a mesh of equal length elements.
OPTIMAL STABILIZATION PARAMETERS FOR THE SOURCELESS CASE (Q = 0)
Finite element stencil for the sourceless case
As previously mentioned, the goal is to find the expression of the stabilization parameters α u and α g that yield nodally exact solutions for all regimes of the physical parameters in Eqs.(1)-(3). Indeed, this is possible for the linear 2-noded element as it will be shown below.
Let us consider a steady-state problem with Q = 0, uniform material properties and Dirichlet boundary conditions with φ fixed to values 0 and φ p at x = 0 and x = l, respectively. The problem is solved with a mesh of linear 2-noded elements of equal length l e . The FE equation stencil for three consecutive nodes i − 1, i, i + 1 is
Eq. (29) can be rewritten after dividing by
whereγ was defined in Eq.(24).
Optimal stabilization parameters
The exact solution of Eq.(1) for Q = 0 and uniform properties satisfies the following equation in differences over a grid of equally -spaced segments of length l e (Appendix A)
with λ and γ as defined in Eqs. (5) and (6). In Eq. (32),(·) denotes the exact nodal values of the transported variable. For convenience, we will obtain first the optimal value of the parameters θ andγ that yield exact nodal finite element results, and subsequently that of the related stabilization parameters α u and α g .
Assuming nodal exactness of the numerical solution and comparing the coefficients in Eqs. (31) and (32), we deduce the following two equalites
Solution of Eqs. (33) and (34) for θ andγ gives
The relationship between θ andγ is θ =γ coth γ + w 6 − 1
Let us obtain now the expression of the two stabilization parameters α u and α g . From Eq.(36) and the definition ofγ (Eq. (24)) and the expression ofū of Eq. (23) we deduce
It can be readily found
Expression (39b) is the optimal stabilization parameter for the 1D convection-diffusion case problem solved with the SUPG method and 2-noded elements [14, 69] . Note that α u (γ) → 0 for γ → 0 and α u (γ) → 1 for γ → ∞.
From the definition of θ (Eq. (22)) and using Eqs. (35) and (38) we obtain
From Eq. (40) we can find
Expression (42) is the optimal stabilization parameter for the 1D diffusion-reaction problem solved with the FIC-FEM approach using 2-noded elements. This expression was obtained by Oñate et al. [54] .
The reaction stabilization parameter α g of Eq. (42) can be expressed as
It can be shown that 
The expression ofᾱ g of Eq. (43) is identical (with a factor of 4) to that derived by Felippa and Oñate [17] for the diffusion-reaction problem using a variational FIC formulation.
It is interesting to obtain the limits of θ andγ for w = 0 and γ = 0. After small algebra and taking into account Eq. (22) we obtain
Remark 3. The expressions for θ,γ, α u and α g in Eqs. (35)- (40) hold naturally for γ 2 + w ≥ 0 (λ is a real number and the solution is exponential). For γ 2 + w < 0 (λ is an imaginary number and the solution is an exponentially modulated propagation of φ) the expressions for the stabilization parameters are readily obtained by changing cosh λ and sinh λ for cos |λ| and sin |λ|, respectively in Eqs. (35)- (40).
Remark 4. It can be verified that α g is greater or equal to zero for all values of γ and w. This guarantees that the stabilization diffusion k g is positive (see Eq. (20)).
Remark 5. The expression of α u satisfies the condition sgn(α u ) = sgn(γ), where sgn(·) is the sign function. This ensures that α u γ ≥ 0 and guarantees that the stabilization diffusion k u is positive (Eq. (20)). As k g is also positive (Remark 4) the stabilization parameter θ is always positive (Eq. (22)).
Remark 6. Substituting Eq. (38) into (24) it is deduced that sgn(γ) = sgn(γ). Consequently, γ coth γ ≥ |γ| and, therefore, the generalized stabilized parameter θ satisfies the general conditions for stability of the convection-diffusion-radiation problem (Appendix C), i.e.
The proof of Eq. (47) is straightforward using the expression of θ of Eq.(37).
Remark 7. The expressions of α u and α g can be written in more compact form in terms of the Damköhler number σ as
6 EXTENSION TO THE SOURCE CASE (Q = 0)
General expressions
The exact solution of Eq. (1) for Q = 0 satisfies the following equation in differences in a grid of equally-spaced segments of length l e (Appendix B)
are the values of the particular solution φ p (x) of the differential equations (1) computed at three consecutive nodes i − 1, i and i + 1, respectively.
The FE stencil in a mesh of equal length 2-noded elements accounting for the external flux term can be written as
where f i is the external flux at node i, neglecting the stabilization terms (i.e. making α u = 0 in the expression of f e of Eq.(27c)) and α i is a nodal stabilization parameter that results from the assembly of the stabilization terms in vector f e . The value of α i can be obtained by equalling the r.h.s. of Eqs. (49) and (50) after dividing by the coefficient multiplying φ i andφ i in each of the two equations. This gives
From Eq.(51) we find
In the following lines we compute the optimal value of α i for different external source terms Q(x) in a uniform mesh of 2-noded elements.
Constant external flux:
The particular solution of Eq.(1a) is
On the other hand, the value of the nodal flux is deduced from Eq.(27b) as
Substituting Eqs. (53) and (54) into (52) gives after small algebra
Substituting the expression of θ of Eq.(35) into (55) yields
Hence, nodally exact solutions will be obtained for a constant source and a mesh of equal length 2-noded elements neglecting the effect of the stabilization term (i.e. α u = 0) in the expression of f e of Eq.(28b). This result is consistent with the fact that the contribution of the stabilization term in the nodal flux vector vanishes for the interior nodes in the assembled expression of f for this case, as explained in Remark 2.
6.3 Linear source term: Q(x) = ax + b
The particular solution of Eq. (4) is
The nodal flux term is deduced from Eq.(27b) as
Substituting Eqs. (57) and (58) into (52) gives the optimal value of α i as
Noting that x i−1 = x i − l e and x i+1 = x i + l e yields
e w sinh γ (60) Hence, nodally exact solutions will be obtained for a linear source term and a regular mesh of linear 2-noded elements using the optimal stabilization parameters obtained in Section 5 and inserting the value of α i of Eq.(60) into Eq.(50) with θ given by Eq. (35) .
Similar expressions for the optimal value of α i can be found for other external source terms Q(x) following the same procedure.
CONVECTION-RADIATION PROBLEM
The governing equations for the convection-radiation problem are
The FE stencil for the sourceless case is deduced from Eq.(31) substituting the expression ofγ of Eq.(24) and then after multiplying by k and subsequently making k = 0. The resulting expression is
where α g k denotes the new stabilization parameter for the case of zero diffusion. The analytical solution of Eq. (61) is
From Eq. (64) we deduce for a uniform mesh of 2-noded element with x i−1 = x i − l e and
From the relationships in Eq. (65) we can infer that the exact solution of the convection-reaction problem satisfies the following generic stencil −c 1 e
Comparing the stencils in Eq. (63) and (66) we get
From Eq. (67) we can obtain a system of two equations to solve for α u and α g k . After some algebra we get
As the choice of c 1 and c 2 is arbitrary we can get infinite solutions for the stabilization parameters given the characteristic solution of the convection-reaction problem. This is no surprise as it is an under-determined problem. Consider the choice c 1 = 0 and c 2 = 0. We get
Expressions (70) yield the exact nodal solution for the sourceless convection-radiation problem using a mesh of equal length linear 2-noded elements. These expressions also lead to accurate nodal results for a constant source.
For k = 0 the following expression is obtained from of Eqs. (22) and (70)
which is the standard result of the SUPG scheme [6, 13, 69] . 
where φ 0 (x) is the value of the transported variable at time t = t 0 . The FIC form of the governing equations in the domain Ω and at the boundary Γ q is written as
where r Γ is given in Eq.(3b).
The characteristic distance h is now defined as
Note that Eq.(76) is an extension of Eq. (14) . The weighted residual form in space is derived following the procedure described in Section 3, as
where W are space weighting functions that vanish on Γ φ . Integrating by parts the integral in Eq.(77) gives
Substituting the expression of r t of Eq.(72b) and integrating by parts the convective and diffusive terms gives, after substituting the expression of h of Eq.(76), Let us choose a linear finite element interpolation over 2-noded elements as
where N i (x) are the standard linear functions defined in the space domain and φ i (t) is the nodal value of the approximate functionφ(x, t) at time t. Substituting the approximation (80) into Eq.(79) and choosing a Galerkin weighting, gives the following system of discretized equations in space
whereφ φ φ φ φ φ φ φ φ φ φ φ φ φ = ∂ ∂t φ φ φ φ φ φ φ φ φ φ φ φ φ φ and φ φ φ φ φ φ φ φ φ φ φ φ φ φ is the vector of nodal variables (Eq. (26)). The element expression of the matrices and vectors in Eq. (81) is
and C e , S e and f e are given by Eqs.(27a), (27b) and (27c), respectively. Also we have assumed that k, k u and k g are constant within an element and the last two are given by Eq. (20) .
In Eq.(83),r t = r t (φ) andr s = r s (φ) are the transient and steady-state discrete residuals, respectively.
We note that the term involving α u in Eq.(81) vanishes after assembly for regular meshes of equal length elements (except at the boundaries).
Matrix K e is non linear as it involves the integral of the ratio of the modulus of the transient and steady-state discrete residuals. This term can be computed explicitly as shown in Appendix D. As a consequence of this non-linearity, the system of assembled equations (81) has to be solved iteratively within each time step.
Transient solution scheme
We discretize in time the system of equations (81) using a Generalized Trapezoidal rule [13, 68] and a simple Picard iteration scheme as
where δ is a non dimensional time parameter such that 0.5 < δ ≤ 1 for the integration scheme to be stable [13, 68, 69] and i (·) denotes values for the ith iteration. The solution i+1 φ φ φ φ φ φ φ φ φ φ φ φ φ φ n+1 for the ith iteration can be found in terms of i+1 φ φ φ φ φ φ φ φ φ φ φ φ φ φ n+δ and φ φ φ φ φ φ φ φ φ φ φ φ φ φ n as
The iterations proceed until convergence of the solution for φ φ φ φ φ φ φ φ φ φ φ φ φ φ n+1 measured in the L 2 norm is achieved. In the transient problems solved in this work convergence within each time step was typically achieved in 2-3 iterations pure advection cases and 6-8 iterations for convection-diffusionreaction cases.
Computation of the stabilization parameters
The optimal value of the stabilization parameters α u and α g giving nodally exact solutions is quite difficult in the transient case due to the multiple forms that the solution can take as it evolves in time. We present a procedure for computing a quasi-optimal value of α u and α g that has proved to yield accurate results for solutions involving the pure advection of a discontinuous function, as well as for transient convection-diffusion-reaction problems evolving towards a steady state solution.
The transient equation (72b) can be written in the following form
Eq.(86) defines a pseudo-stationary problem where a non linear reaction term s t has been introduced.
The non linear reaction term s t can be approximated as
From Eq.(87) we can define an equivalent Damköhler numberσ as
where σ is the standard Damköhler number and C = u∆t l e is the element Courant number. Function f (κ) should be designed so that f (κ) = 0 (and σ t = 0) for a steady-state problem (or in zones whereφ = 0), and f (κ) = 2 (and σ t = 2 δC ) for cases when φ(x, t) suddenly changes from φ n = 0 to a finite value φ n+δ = φ c at a node. The later situation happens, for instance, in the propagation of a step function defined by φ 0 (x) = φ c in a subdomain of Ω and φ 0 (x) = 0 elsewhere.
Taking these considerations into account, the following definition for f (κ) has been chosen
where |a| e ∞ denotes the maximum value of a within an element and β is a (relatively large) positive number that controls the slope of the function tanh(·) that ranges from zero to one. Very good results were obtained in the transient problems solved in this work using Eq.(91) with β = 300. In this case, the optimal choice of β in terms of the nature of the transient solution is a matter that deserves further research.
The stabilization parameters α u and α g for the transient convection-diffusion-radiation problem are then estimated as follows 1. The parameter α u is computed using Eq.(48a) using the value ofσ of Eq.(90) as
2. The parameter α g is computed in terms of γ and σ using Eq.(48b) with the value of α u given by Eq.(92),i.e. 
Particularization for the transient convection-radiation case
Following the procedure explained in the previous section and Eqs. (70), we propose the following expressions for computing the stabilization parameters α u and α g k for the convection-radiation problem (k = 0)
withσ given by Eq.(90).
Particularization for the pure convection problem
Numerical algorithms for the time integration of the pure convective transport of a function typically suffer from phase and amplitude errors. For discontinuous functions additional instabilities in the form of numerical wiggles are prone to occur at the vicinity of the interface. The introduction of a stabilization diffusion eliminates the oscillation but can smear the solution near the interface. The derivation of numerical methods that provide stable and accurate solutions is a challenge and several efforts have been reported in the past years [39, 40] .
The stabilization parameters α u and α g k for this problem are obtained by making s = 0 in Eqs.(94) and (95). This gives
Let us compute the expression of α u and α g k for some representative cases. Remark 10. Excellent results have been obtained for all the problems solved in this work using 0.1 < C ≤ 0.8.
Explicit forward-Euler scheme
The time discretization of Eq.(84) using an explicit Forward-Euler scheme (δ = 1) gives
A simple stencil can be found for a mesh of equal length 1D linear elements using a diagonal form of M e as The stability requirements for the explicit solution require that [14, 69] ∆t ≤ 2 g e max (100)
where g e max is the largest eigenvalue of matrix H e for all the elements in the mesh with
EXAMPLES
Steady-state examples solved with equal length 2-noded elements
The nodal exactness of the steady-state FIC-FEM formulation is shown for a series of convectiondiffusion-radiation problems solved on a coarse uniform mesh of eight 2-noded elements of unit length (l e = 1) in a 1D domain Ω :
The Dirichlet boundary conditions are φ(0) = 8 and φ(8) = 3, except for the convection-diffusion-production case where φ(0) = φ(8) = 0 has been taken. Many of these problems were solved in [17, 54] using the same mesh. Constant source
The FIC-FEM solution yields exact nodal solutions for all the problems solved, as expected.
Steady-state convection-diffusion-absorption examples solved with elements of different length
The accuracy of the steady-state FIC-FEM formulation for a non-uniform mesh of eight 2-noded linear element has been studied for different problem parameters. The analysis domain [0, 8] is discretized into eight elements. The nodal coordinates are shown in Table 1 where the exact and FIC-FEM nodal solutions are given. The numerical and exact results are plotted in Figure  6 . The accuracy of the FIC-FEM formulation is remarkable in all cases given the coarseness of the mesh chosen for the simulations. Note the relatively small error of the nodal results in zones where the solution attains very small values (Table 1c) which shows the capability of the FIC-FEM formulation to accurately reproduce the different scales in the solution.
The same non-uniform mesh has been used for solving two problems of diffusion-production (Helmholtz) (u = 0, k = 1, s = −1) and convective-diffusion-production (u = 1, k = 1, s = −2). The FIC-FEM and exact solutions are plotted in Figures 7 and 8 . The nodal numerical and exact nodal values for each of the two solutions are listed in Table 2 . The accuracy of the FIC-FEM formulation again is remarkable given the oscillatory character of the solutions with values of φ oscillating from positive to negative in both cases.
Thus, for the Helmholtz problem (Table 2 ) errors are within 8% for values of |φ i | > 1 and increase to ∼ 74% for node 2 where the exact solution approaches to zero.
The same situation occurs for the convective-diffusion-production problem (Table 3) where errors are small (< 10%) for the higher values of the solution and acceptable for smaller values.
We highlight the coarseness of the mesh used for the purpose of testing the FIC-FEM formulation in a simple irregular mesh situation. Indeed more accurate results can be obtained by simply refining the mesh. 
Performance on layer adapted meshes
This example illustrates the performance of the proposed FIC-FEM on layer-adapted meshes. We use a Shishkin mesh [63] , which is piecewise equidistant and consequently much simpler than several types of layer-adapted meshes in the literature. Given a positive integer N , where N is divisible by four, we divide the interval [0, L] into three subintervals
Uniform meshes are used on each subinterval with 1 + (N/4) nodes in each of [0,
The mesh-transition parameters τ 1 and τ 2 are defined as
The layer-strength parameters µ 1 and µ 2 appear in the fundamental solutions, viz. exp(µ 1 x/L) and exp(µ 2 x/L) of Eq. % error  1  0  8,0000  8,0000  0  2  0,8  5,5837  5,2336  6,27  3 
8,0 3,0000 3,0000 0 Table 1 : 1D convection-diffusion-production problems (Q = 0). Exact and FIC-FEM nodal results for an irregular mesh of eight 2-noded elements (results are plotted in Figure 6 )
We use the double mesh method [12] to compute the experimental rates of convergence. To compute the double mesh error we need each node of the coarse mesh X N s to coincide with a unique node in the fine mesh X 2N s . Usually this will not be the case for Shishkin meshes as the mesh partition has a nonlinear dependence on N . In order to compute the double mesh error, we compute not only φ N (solution computed using X N s ), but also another approximate solution φ N computed on a modified Shishkin mesh X N s [64] . The modified Shishkin mesh X N s is constructed using the slightly altered mesh-transition parameters 
For the stabilized FIC-FEM we assume a convergence of order N −r for some r (a natural expectation from a stabilized method) and compute the convergence rate r for each fixed k from
(108) Table 4 shows that the proposed FIC-FEM has an estimated k-uniform convergence of order N −2 . It suggests that the stabilized FIC-FEM may satisfy the following error estimate for Shishkin meshes. max
It is well known [21] that the Galerkin-FEM with linear finite elements statisfies the following error estimate for Shishkin meshes.
To verify the above error estimate we compute the convergence rate for each fixed k from
, for N = 2 m and m = 7, 8, . . . , 12.
(111) Table 5 shows as expected that the Galerkin-FEM with linear finite elements has an estimated k-uniform convergence of order (N −1 ln N ) 2 . In Figure 9 , we choose k = 0.25 and illustrate the FIC-FEM solution computed on a Shishkin mesh with N = 2 5 nodes. The Shishkin mesh transition points x i0 = 2 and x N −i0 = 7.704 are also shown. Figure 10 shows the solutions obtained by the Galerkin-FEM (Fig. 10a) , the SUPG method (Fig. 10b) and two variants of the FIC-FEM method (Figs. 10c and 10d) . In the first version of the FIC-FEM method the stabilization parameters were taken as those derived for the steady-state problem. In the second version of the FIC-FEM method the stabilization parameters obtained by including a dispersion control model (i.e. a pseudo Damköler number σ t ) is considered. An exponential layer gradually develops at the right boundary which triggers a global instability in the Galerkin FEM. This global instability is successfully controlled by the SUPG (well-known result) and the FIC-FEM method without a dispersion control model. As there is no significant dispersive phenomenon occurring in this problem, the FIC-FEM method with a dispersion control model yields a similar solution.
Transient pure convective transport problem solved with equal length elements
The pure convective transport problem is studied here, i.e. the coefficients k = s = f = 0 and u = 1. The 1D domain is taken as x ∈ [0, 1] and the Dirichlet boundary condition φ(x = 0) = 0 is employed. The initial solution is a double rectangular pulse with simple discontinuities.
The amplitude spectrum of this initial solution is rich in high wave numbers. It is a challenging problem to validate the control of dispersive oscillations and temporal accuracy. The domain is discretized with 200 2-node elements. Two time steps ∆t = 0.001s and ∆t = 0025 were considered, which corresponds to CFL numbers C = 0.2 and C = 0.5, respectively. The linearisation was done using a fixed-point method and a tolerance of 10 −4 for the relative error in the Euclidean vector norm was used. For the pure convection problem, the FIC-FEM method without the dispersion control model (letting σ t = 0) reduces to the SUPG method. It is well-known that the SUPG method is not immune to dispersive errors [39, 40] . Appreciable control over the dispersive oscillations is obtained (see Figure 11 ) with the FIC-FEM method with σ t = 0 and given by Eq. (90).
CONCLUDING REMARKS
We have presented a stabilized FIC-FEM formulation for 1D advection-diffusion-reaction problems involving two stabilization parameters. The expression of these parameters ensuring an accurate (and many times exact) nodal solution has been obtained for the steady-state and transient cases for a range of physical parameters using linear 2-noded elements. The resulting stabilized formulation will be useful for the accurate solution of many practical problems in engineering and applied sciences involving the 1D advection-diffusion-reaction equation.
The solution of multidimensional convection-diffusion-reaction problems can develop exponen- tial and parabolic layers. Exponential layers are typically found in the convection-dominant cases and near the boundary or close to regions where the source term is nonregular. Parabolic layers are found in the reaction-dominant cases near the boundary or close to the regions where the source term is nonregular and in convection-dominated cases along the characteristics of the solution. The characteristic internal boundary layers are typical of multidimensional problems. For this reason a direct extension of the stabilization procedure derived for 1D problems would not efficiently resolve these layers and the introduction of additional shock-capturing diffusion terms would be necessary in these cases [14, 40, 69] . This topic will be the subject of research of the authors in a subsequent work. which is the sought expression relating the exact numerical solution at three consecutive discrete points. Expression (A.13) holds naturally for γ 2 + w ≥ 0 (λ is a real number. For γ 2 + w < 0 (λ is a imaginary number), a similar expression is obtained simply changing cosh λ by cos |λ|.
It is important to note that Eq.(A.13) holds for any value of the arbitrary distance d. In the paper we have taken d = l e for convenience, where l e is the element length in a uniform mesh of 2-noded elements. This allows us to interpret γ as the element Peclet number and w as the non-dimensional radiation parameter for the element (Eqs. (6)). 
